We characterize certain Riordan arrays by their A-matrices and ρ sequences. We conjecture the form of a generic A-matrix which leads to Somos 4 sequences. We find an A-matrix that produces a Riordan quasi-involution, and we study the A-matrices and ρ sequences of the moment matrices of certain perturbed orthogonal polynomials.
Introduction
An important feature of Riordan arrays [3, 10, 11] is that they have a sequence characterization. Specifically, a lower-triangular array (t n,k ) 0≤n,k≤∞ is a Riordan array if and only if there exists a sequence a n , n ≥ 0, such that
This sum is actually a finite sum, since the matrix is lower-triangular. For such a matrix M, we let
where M is the matrix M with its top row removed. Then the matrix P has the form that begins 
z 0 a 0 0 0 0 0 0 z 1 a 1 a 0 0 0 0 0 z 2 a 2 a 1 a 0 0 0 0 z 3 a 3 a 2 a 1 a 0 0 0 z 4 a 4 a 3 a 2 a 1 a 0 0 z 5 a 5 a 4 a 3 a 2 a 1 a 0 z 6 a 6 a 5 a 4 a 3 a 2 a 1
Here, z 0 , z 1 , z 2 , . . . is an ancillary sequence which exists for any lower-triangular matrix. The matrix P is called the production matrix of the Riordan matrix M. The sequence characterization of renewal arrays was first described by Rogers [6, 9] .
An alternative approach to the sequence characterization of a Riordan array is to use a matrix characterization [7, 8] . One form that such a matrix characterization may take is the following [7, 8] .
Theorem 1. A lower-triangular array (t n,k ) 0≤n,k≤∞ is a Riordan array if and only if there exists another array A = (a i,j ) i,j∈N 0 with a 0,0 = 0, and a sequence (ρ j ) j∈N 0 such that
The power series definition of a Riordan array is as follows. A Riordan array is defined by a pair of power series, g(x) and f (x), where g(x) = g 0 + g 1 x + g 2 x 2 + · · · , g 0 = 0, and f (x) = f 1 x + f 2 x 2 + f 3 x 3 + · · · , f 0 = 0 and f 1 = 0.
We then have
where [x n ] is the functional that extracts the coefficient of x n . The relationship between f (x) and the pair (A, ρ) is the following.
where R (i) is the generating series of the i-th row of A, and ρ(x) is the generating series of the sequence ρ n . We shall call the matrix A = (a i,j ) i,j∈N 0 the A-matrix, while we call the sequence a n the A-sequence of the Riordan array. The generating function of a n is denoted by A(x). We have
wheref (x) is the compositional inverse of f (x) (thus we have f (f (x)) = x andf (f (x)) = x). We sometimes writef (x) = Rev(f )(x). The generating function of the sequence z n is denoted by Z(x). We have
Note that while the production matrix P of a Riordan array is unique, the pair (A, ρ) is not necessarily unique.
The set of Riordan arrays (g(x), f (x)) is a group under the multiplication law
, v(f (x)) and the inverse of (g(x), f (x)) in the group is given by
The set of Riordan arrays of the form f (x)
x , f (x) is a subgroup of the Riordan group, called the subgroup of Bell matrices.
We shall refer to sequences, where known, by their Annnnnn numbers in the Online Encyclopedia of Integer Sequences [12, 13] . The sequence 0 n is the sequence that begins 1, 0, 0, 0, . . ., with generating function x 0 = 1. Note that we only show suitable truncations of Riordan arrays and of production arrays.
Example 2. Pascal's triangle (also called the binomial matrix) n k is the Riordan array 
This begins
The A-sequence for this triangle is given by A(x) = 1 + x. It can also be defined by the A-matrix A = 1 0 0 0 −1 −1 , and the ρ sequence 1, 0, 0, . . .. This follow since the solution to the equation
We shall call the result of multiplying a Riordan array (on the left) by the binomial matrix as its binomial transform.
Example 3. The identity matrix (1, x) can be defined by the A-matrix A = 1 0 1 −1 −1 0 , and the ρ sequence 1, 0, 0, . . .. This follows since the equation
Another A-matrix and ρ sequence pair that define the identity matrix is given by
and the ρ sequence 1, 0, 0, . . .. It can also be defined by the simpler A-matrix A = (1) and ρ n = 0.
Example 4. We consider the Motzkin triangle defined by the Riordan array
This can be expressed as
is the generating function of the Catalan numbers C n = 1 
and hence the Z-sequence is the sequence 1, 1, 0, 0, 0, . . . and the A-sequence is 1, 1, 1, 0, 0, 0, . . .. Then Z(x) = 1 + x and A(x)
This Riordan array is also defined by the A-matrix A = 1 0 1 1 1 1 , and the ρ sequence 0, 0, 0, . . .. In this example, the A-sequence is of a simple form, as is the A-matrix. In many cases, however, the A-matrix may be of a simple form, while the A-sequence is of a more complex nature.
Example 5. We now take the example where A = 1 0 1 1 1 0 , and ρ n = 0 for all n ≥ 0. We find that u = f (x) satisfies the equation
The resulting Riordan array is then given by the Bell subgroup element f (x) 
We havef
and so A(x) is given by
Thus a n is the sequence that begins or A006720(n + 2). This is essentially the Somos 4 sequence.
In this example, we see that while the A-sequence is reasonably complicated, the Amatrix is simple. In addition, this A-matrix leads to a power series f (x) such that the Hankel transform of the expansion of f (x)
x is the Somos 4 sequence. In the sequel, we shall be interested in determining a form of A-matrix that will always lead to a Somos 4 type sequence.
General Somos 4 sequences
We call a sequence s n a (α, β) Somos 4 sequence if the terms s n satisfy
In exceptional cases, where a divide by zero may occur, the more general condition
is appropriate. There are many proven and conjectured results concerning (α, β) Somos 4 sequences and Riordan arrays [2, 4] . These sequences are closely related to elliptic curves.
A-matrices and Somos conjectures
We consider the case
with ρ n = 0 for all n. To find u = f (x), we solve the equation
This gives us
It follows that f (x)
This now allows us to make the following conjecture.
Conjecture 6. The Hankel transform of the expansion of f (x)
x is a
leads to the Riordan array with
This expands to give the sequence that begins 
This is a (1, 1) Somos 4 sequence (compare with A006769). The expansion v n of f (x)
x thus satisfies the convolution recurrence [ 
with t n,k = 0 if k < 0 or k > n, t 0,0 = 1 and t 1,0 = a + 1. This is the Riordan array
Proof. The recurrence follows from the form of the A-matrix. We have calculated f (x) above. The Bell element corresponding to this is then f (x) x , f (x) . The value for t 1,0 follows from this.
We note that the Riordan array
satisfies the same recurrence with t 1,0 = 1. Note that we shall always assume that t n,k = 0 if k < 0 or k > n, t 0,0 = 1 in the following.
4 Further examples with ρ n = 0
In the following examples, we choose ρ n = 0 for all n ≥ 0.
Example 9. We let
Then the triangle (t n,k ) with 
This is the Bell matrix
The Hankel transform of the sequence t n,0 begins 1, −1, −4, −3, 19, 67, . . . , which is the (1, 1) Somos 4 sequence A178628(n + 1). In fact, the generating function for t n,0 may be expressed as the continued fraction [14]
where 1, 4, − 3 16 , . . . are the x-coordinates of the multiples of (0, 0) on the elliptic curve
Example 10. We let
The sequence t n,0 begins Example 11. We let
A quasi-involution
We consider the case of the A-matrix
We solve the equation
Thus the Bell matrix (t n,k ) defined by the above A-matrix is the Riordan array 
We recall that a Riordan array (g(x 2 ), xg(x 2 )) is called a quasi-involution if we have (g(x 2 ), xg(x 2 )) −1 = (g(−x 2 ), xg(−x 2 )). This is the case for this example [5] . 6 The case of r n = 0 n
In this section, we take the case of A = 1 a b 1 c d and ρ 0 = 1, and ρ n = 0 for n > 0. Thus we must solve the equation
We find that
In this case, f (x)
x expands to begin 1, a + ρ 0 + 1, a 2 + a(3ρ 0 + 1) + b + c + 2ρ 2 0 + 2ρ 0 , . . . , and the corresponding Bell triangle begins
In the case that ρ 0 = 1, we obtain
Example 12. We consider the case of . This is the Bell matrix defined by the large Schroeder numbers A006318,
and its A-sequence is the sequence 1, 2, 2, 2, 2, 2, 2, 2, . . . .
This follows since the solution u(x) with u(0) = 0 of the equation
is given by
This is also the solution to the equation
Thus a simpler A-matrix in this case is given by
along with ρ n = 0 n . In general, taking A = 1 r , along with ρ n = 0 n , leads to
which is the generating function of the Narayana polynomials 1, r, r(r + 1), r(r 2 + 3r + 1), r(r 3 + 6r 2 + 6r + 1), . . . . 
In this case the triangle (t n,k ) begins
defined by the so-called Motzkin sums A005043. This triangle counts the number of Motzkin paths of length n having k horizontal steps at level 0 (Emeric Deutsch). The A-sequence of this triangle is 1, 0, 1, 1, 1, 1, . . . .
We now turn to the issue of the Somos 4 nature of the Hankel transform of the expansion of f (x)
x . We have the following conjecture. 
For this, we have f (x)
The Hankel transform of the expansion of this generating function begins
This is a (1, 1) Somos 4 sequence.
Example 16. For For this, we have f (x)
The Hankel transform of the expansion of this generating function begins 
The case ρ(x) = 1 + rx
We briefly consider the case A = 1 1 , along with ρ(x) = 1 + x. We are thus led to the equation
which has solution
Equivalently, we have
We have that f (x)
x expands to give the sequence that begins 
Here, we recognize the shifted Fibonacci numbers A000045. The Bell matrix (t n,k ) in this case is given by
Similarly, the A-matrix A = 1 2 , along with ρ(x) = 1 + x, leads to the Bell matrix 
Thus we have
A
The corresponding Bell matrix (t n,k ) is given by
In effect, the solution to the equation
This is the generating function of 2 n C n A151374. Extending the two previous cases, we look at the case A = 1 2 , along with ρ(x) = 1 + 2x. The equation to be solved is now
The Bell matrix (t n,k ) in this case begins We recognise the shifted Jacobsthal numbers A001045. We deduce that the above Bell matrix is given by
The sequence t n,0 is given by A215661.
In general, the Bell matrix (t n,k ) defined by A = 1 r , along with ρ(x) = 1 + rx is given by
We have t n,k = t n−1,k−1 + rt n−1,k + t n,k+1 + rt n,k+2 , with t 0,0 = 1, t 1,0 = r + 1.
The sequence t n,0 (the first column of the Bell matrix) then begins 1, r + 1, r 2 + 4r + 2, r 3 + 10r 2 + 15r + 5, r 4 + 20r 3 + 63r 2 + 56r + 14, . . . .
This polynomial sequence P n (r) can be expressed as 
We have t n,k = t n−1,k−1 + t n−1,k+2 + t n−2,k + t n,k+1 , with t 1,0 = 1.
Perturbed orthogonal polynomials
We consider the case when A = 1 a b , and ρ n = c0 n . Thus we must solve the equation
The required solution is
Alternatively, we have
Thus the Bell matrix (t n,k ) with t n,k = t n−1,k−1 + at n−1,k + bt n−1,k+1 + ct n,k+1
and t 1,0 = a + c is given by
In the case that c = 0, this is the moment matrix of the orthogonal polynomials P n (x) = (x − a)P n−1 (x) − bP n−2 (x),
Similarly, the triangle (t n,k ) with t n,k = t n−1,k−1 + at n−1,k + bt n−1,k+1 + ct n−1,k+2 + dt n,k+1
and t 1,0 = a + d is given by
The binomial transform of the Riordan array
is the Riordan array 1 1 + (a + 1)x + bx 2 ,
In a similar vein, we have the following result. 
Proof. We have
We find that the binomial transform 1 1−x u x 1−x of u is given by
But this is precisely
Thus the Riordan array with A-matrix A = (1, a, b) and ρ n = c0 n will have a binomial transform with the infinite A-matrix 
Calculating the A-sequence
We give an example of how to calculate the A sequence, given a suitable A-matrix and ρ sequence. Thus we take A = 1 1 1 0 1 0 and ρ n = 0 n . This leads us to the equation
whose solution is given by
From this we can calculate the A-sequence since its generating function A(x) is given by
.
An alternative method is to start with the equation Substitutingf (x) for x, and using the fact that f (f (x)) = x, we then obtain
Thus we must solve the equation
for v = A(x) = x f (x) . We obtain that
Conclusions
We have given examples of Riordan arrays defined by simple A-matrices and simple rho sequences, and we have shown the form of the calculations required to go from these data to a corresponding Bell matrix. In some cases, we have examined the associated A-sequence. Some special matrices, including a Riordan quasi-involution and certain "perturbed" moment matrices have been studied in terms of their defining A-matrix and ρ sequence.
We have conjectured that an A-matrix of the form A = 1 a b 1 c d leads to Hankel transforms that are (α, β) Somos 4 sequences, in the case that ρ n = 0 for all n and when ρ n = 0 n . Specific examples bear this out, but the form of β in general makes it uncertain at the moment how such a conjecture might be proven, or generalized. Other open questions that remain are the relationship between the parameters (a, b, c, d) and the corresponding coefficients of the related elliptic curves. It is clear that these problems deserve further study.
